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FORE WORD 

In the development of training equipment designed to support the 
trainin8 requirements of the Apollo program,  a prel iminary study of the 
various spacecraf t  flight problems has been made. These studies involve 
the complete lunar  mission and include lunar environment studies as well 
as ea r th  environment studies.  

Through the use of ordinary dynamics and mathematical  techniques, 
an e f for t  has been made to describe the flight of the Apollo vehicle f rom 
launch to  lunar landing and return. 
a c r i t e r i a  f o r  analog and digital computer design. 

This description is intended to provide 

The descriptions included, utilize state of the a r t  simulation standard 
Much of the data has been derived f rom expressions for flying vehicles. 

former ly  proven techniques in mathematical  description, which have been 
used for  computer design cr i ter ia .  Other data included has  been obtained 
f rom NAA prel iminary Apollo vehicle analog co,mputer studies. 

The environment descriptions a r e  both lunar and earth.  Mathematical 
descriptions a r e  devised to provide a non-polar orbit  and a polar orbit. 
Selection of these descriptions depend upon the necessity of using polar 
orbi t  o r  non-polar orbit. There a r e  differences in complexity of the 
computing equipment, and also selection can be made between analog and 
digital requirements ,  in establishing polar and non -polar mathematical 
de s c r ipt ions. 

The lunar description has been devised using dynamic analysis and 
celest ia l  mechanics data. 
to devise the lunar description. 
formulation is  conside red basically sound; however, the lunar study is not 
complete. 

Information inputs have been f rom many sources  
At this writing the lunar mathematical 

The formulations provided a r e  suitable for  digital and hybrid analog/ 
digital computation. With ordinary hybrid digital and analog computing 
equipment, the translation equations would be solved digitally while the 
Euler  equations would be solved by analog methods. 
digital computation, it is suggested that the Euler  Angle equations be solved 
utilizing quaternion description of the nine Euler  Angle transformations.  
It is expected that computations would be excessive for a completely analog 
computation for  any of the models presented. 

F o r  a completely 
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These models presented have the desirable  feature that the coordinates 
used in the translation equations do not depend upon the vehicles angular 
orientation. As a resul t ,  the components of the vehicles velocity in these 
coordinate sys tems cannot change value rapidly unless the velocity vector  
of the vehicle changes magnitude o r  direction rapidly. This should se rve  
to allow improved computer dynamic character is t ics .  TO fur ther  improve 
computer charac te r i s t ics ,  the "gimbal lock" of the Euler  transformation 
has been removed f r o m  the pitch axis and inser ted  in the roll  axis. This 
will allow tumbling of the Apollo vehicle in the pitch plane. 
provide bet ter  overal l  simulation of the vehicle flight. 

This should 

These formulations a r e  expected to provide the basic computer 
descriptions within the development of a l l  P a r t  Task Tra iners  and the 
Mission Simulator. 

0 '  
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NOMENCLATURE 

-- a ACCELERAT\ON VECTOR OF VEH\CL€. R€.WT\V€ To \NEW\& 
AXES. 

f PARAMETER D=R\B\NG EARTH OBLATENESS. 
F AERODYNAM\C FQRCE VECTOR. 
F WITH APPROPR\ATE' SUB%R\PTS, COMPONENTS OF = 

RLFERRED T O  SEL€CT€D AXES. - 
G GRAV\TY FORCE VECTOR. 
h ACT \T U DE. 
IFi CONTROL FORCE VECTOR. 
H WITH A P P R O P R \ A E  SUBECWPTS, COMPoN€NT5 OF H 

R€F€RR€D To SELECTED AXES. 
UN\T VECTORS ALONG TCI€ X, Y, Z AXES, ESPECTWELY; 
WITH APPROPRIATE SUB%R\PTS, UNIT VFrTORS ALONG 
AXES \N OTHER SETS. 

A&.&, 

MOMENTS QF \N€RT\A O F  VEHICLE AWUT THE % , y ~ , z ~  fX*AYh 
AXES, RESP€CT\VELY* 
PRODUCT OF \NERT\A OF V€H\CL€ ABOUT Xb AND ZB AXES 
W\TH APPROPR\ATE SU6'32R\PTS, COMPONENTS OF 

GRAV\TY CONSTANT 
CONTROL MOMENT- 

COMPONENTS OF THE AERODYNAMK MOMENT, WEFERRED 
TO THE %,Yg,Zb AXES, R€SP€Cf\V€W. 
VEHlCLE MA550 
PROPULS\VE FORCE VECTOR. 
W\TH APPROPWATE SUBSCR\PTS, COMPONENTS OF 'P 

COMPONENTS OF AffiULAR VELOC\TY OF VEH\cLE 
REUiT\VE TO \NERTAL AXES, REFERRED T O  TH€ Xg, x, EB AXES RFPFCT\VELY. 
RAD\US VECTOR FROM EARTH CENTER T O  VEH\CLE 
C€NTRO \ D. 
LENGTH OF v. 
DIFFERENCE BETWEEN Y AND 
E.WTH RADIUS IN THE EQUATOWAL PLANE. 

SURFPCE. 
ARITHM€T\C M€AN OF THE EARTH'S RADIUS AT POLE 

REFERRED To SELECTED @XES* 

EARTH RAD\WS AT A LOCAL PO\NT ONTHE EARTH'S 

AND EQUATOR. 
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I INERTIAL AXES (X ,Y ,Z )  

2. UN\T VECTOR’S (I, #, 4). 
\ a  ORGIN AT EARTH CENTER. 

SL-AX\S CO\NC\DEMT W \ T H  EARTH POLAR Ax\s, 
POSIT\VE NORTH. 
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Figure  2 
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Figure 3 
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ROTAT\ON FROM EARTH-VEH\CLE GEOCENTRIC AXES TO 
VEH\CLE GE OC€NTR\C AXES 

\ 

Figure 4 
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Figure  5 
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FIGURE 5B 
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Figure  7B 
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ORIENTATION OF ORB\T PLAN€ RLLAT\VE To \NERT\AL AXES 

THE OR\ENTAT\ON OF ORB\T PLANE RELKT\VE T O  
a 

INERTIAL A X E S  \S ACCOMPL\SH€D IN FOUR STEPS AS 
SHOWN IN F\GUR€-fA AND FlGURE 7B AND \S AS FOLLOWS; 

STEP NO01 : ROTATION ABOUT TMEY-AXIS THROUGH ANGLE 9; 
AS SHOWN IN F\CURE BA. 

x Figure 8A 
(RefeJence ‘Figure 7A) 
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NOW PERFORM\NG MATR\X MULTIPL\CAT\ON OF STEP NO. 5 
MATR\\X W\TH THE TRAksFORMATtOhl MATR\X OF F\GUREI 3 
OBTA\NED ABOV€ W €  OBTAIN THE FIML RE5UlTANT 
MATRIX: 
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IN THE COURSE O F T H E  ANALYS\S IT W \ L  BE DESIRABLE TO 
DETERM\N€ THE CEOCENTRC LAT\TUDE 
A RELAT\ONSHIP BETWEEN 9 AND 

TO ESTABL\SU SUCH A RELAT\ONSHIP BY WR\TING TH€ 
TRANSFORMAT\ON, 

AND LONGITUDE q. 
ON THE, ONE HAND AND 

SF AND q v  ON THE OTHER \S THUS R E Q U \ R E D o  W E  PROCEED 

O R  

WH\CH YIELDS THE FOLLOWING RELAT\ONS: 

- 21  - +HMwtw?~ 
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FROM WH\CH THE COORDINATES AND Q MAY BE 
DPTERM\NESm 
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MATR\X FORM: 

I 
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GIVEN THE SHA.P€ OF THE OBLATE EARW, APPROXIMATELY 
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-_/' 

SIMILARLY, THE: ANGULAR VELOC\TY OF THE, BODY AX- R€LAT\VE 
TO THE IN€PX\AL AXES, BUT RESOLVED ABOUT THE BODY AXES \S 
GIVEN BY: 
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TRANSLAT\ONAL EQUAT\ONS OF MCTTION 

FOLLOW\% THE ANALYS\S ON PAGES 25 THRU 21 ,TM€ RADtUS 
VECTOR, V€.LOC\TY AND ACCELEMT\QN MAY BE WRCTTEN AS 
FOLLOWS: - r = r i F  

, FRQM €QWT\ON ON PACE 2\ AND €QUAT\ON (48) W L - C A N  WR\TlE 
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- DtF\ N\T\ONS: 

C.M. - COMMAND MODULE: 
L.E.S.-LAUNCH ESCAPEI SYSTEM 
XB,~,IB;COQRD\NAE BODY AXFS OF CGNF\CURAT\GN 
P - L.E.S. PROPULSION 
P K ,  h,Pt, - L.E. S. PROPULS\ON ALOMG COORD\NATE AXES 
PSFM -SOLID FUEL MOTOR PROPULS\QN 
&sFM-RAD\US ALONG X-AXE FROM SOLID FU€L MOTOR 

0 

TO CiZNTER OF GRAVITY L\NE 
Tx,Ty,Ts TORQUE ABOUT CooRD\NAT€ AX15 
f(F5) - FUNCTION O F  TOTAL FUEL BURUED 
C.G. - CENTER OF GWKV\TY 
C.G'. -CENTER OF GRAVITY AFTER FUEL BURN OUT 

i 
c 



. 



P X L S  = P cos 3 O  \5' 

b L E 5  = o  
I 

= P S\N 3 O E '  + P S C M  

3. 



i 



.IL 

'h 

r 

ACC€LERAT\ON VECTOR OF V€H\CLE RELATIVE T O  
SUN \N€RT\AL AXSS. 

RADIUS \N  FEET O F  F A R T H  AT FQUATOR. 

EARTH GRAV ITAT \ ONAL CONSTANT 

SPH€R\Cx ANGULAR CQQRUNATE OF V€H\CLE MEASURED 
NORMAL T O  NOM\NAL SUN TRb€C.TORY PLAN€. 

I 







GRAV\TY VtCTQRS 

S\M\LARLY THE VEH\CL,E TO MOON VECTOR CAN BE 
DESCRIBED AS f 

IN THE SAME MANNER, T H E  VEW\CLt TD SUN VECTOR 
CAN BE WR\TTEN AS: 

RELATIVE TO THE "F" FRAME, THESE FQUAT\ONS ARE , 

SUMMED UP T O  FORM A FOUR-BODY GRAV\TAT\OMAL 
€QUAT\ ON: 

(4) 
K KL 

m 

FOLLOWNG THE ANALYSIS OF PAGES 30 k 3 \  OF PART 1, 
MODEL TWO, TH€ MOON AND SUM REFFKENCED TRANSLAT\QN 
EQUAT\ONS OF ACCEL_ERAT\ON MAY BE WR\TTW A5f t 

2. 



0 

0 
I - -  

3. 
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EQUATIONS (4, (7), ANO(0) F O R M  THE SOLUTION. 



\MPUEE FUNCT\ON 

0 A DOUBLE-VALUED \MPULSE FUNCT\ON O F  THE VAR\ABCES 
@, , g2 AND p MAY N O W  BE DEFINED. THE RAD\AL AND 
C\RCUMFERENT\AL V€LQC\T\€.s OF A CON\C ARE GIVEN BY,' 

THE VAR\OUS RELATIONSHIPS IN THE TRANSFER GEOMFTKY 
CAN BE SEEN BY REFER\NG T O  FIGURE 1 AND 2. 



r- 1 

THUS, A CLAASS OF ORBITAL TRANSFER €QUAT\QNS HAVE: 
BEEN FORMULATED AND DEFINED. 

6. 



HOM\NG CAN BE CQNS\D€RED ASTHE ACT OF GU\D\NG 
A C R A F T  TO A SATELLITE TARGF'T W\TH \N\TIAL POS\T\ON 
AND VELOC\TY D\FF€RENCES OF APPRQX\MATELY 20 M1LE.C; 
AND \OO FT/S€C RESP€CT\V€Lh', T O  W \ T H \ N  .OS MILFC. 
2.0 FT/SEC. THUS, ORBIT TRANSFER ERRORS A R E  CORRECTED 
LJNT\L THE DOCK\NG MANEUVER CAN BE ACCQMPUSWED. 
A COORD\NAT€ SYSTEM W\TH T K .  oR\G\N AT THE TARGET 
VEHICLE I5 WUENTED SUCH THAT: 

AND 

THE X,,-AXIS IS IN THETARG€T PLANE PQ\NT\NG FORWARD 
THE X-AX\S \S DIRECTED B\NORMALLY 
fH€' *-AX\5 \S RAD\AL 

THEN, T H E  FIRST ORDER €QUAT\ONS OF MOT\ON ARE: 

7 



e o  
Fx ,  = x ,  t Zn t, 

SINCE THE5E EQUAWONS UAVE CONSTANT COEFFICIENTS 
THEY CAN BELVJR\TTEN INTERMS OF LA PLACE TRAUS- 
FORMS A5 FOLLOWS:  

I- 
.. 

, 
\NTEr3RAT\ON OF TM€ COMPLFTE EQUAT\ONS OF MOT\ON 

F O R  BOTH THE TARSET AND FERRY VEH\CLE MUST BE 
P€RFORMED F O R  PURPOSES OF K€bJNDEEVOUSe 






